We study the area distribution of closed walks of length n, beginning and ending at the origin. The concept of area of a walk in the square lattice is generalized and the usefulness of the new concept is demonstrated through a simple argument. It is concluded that the number of walks of length n and area s equals to the coefficient of z s in the expression (x + x −1 + y + y −1 ) n , where the calculations are performed in a special group ring R[x, y, z]. A polynomial time algorithm for calculating these values, is then concluded. Finally, the provided algorithm and the results of implementation are compared with previous works.
Introduction
The problem of finding the area distribution of random walks of a given length is an interesting problem which has many applications, for instance in conformations of polymers and proteins (see [6, 1] and the references there in). When n → ∞ this distribution was computed first by Lévy using Brownian paths. In [3] , non-commutative geometry techniques are applied to the Harper equation and the asymptotic distribution of the area, enclosed by a random walk in the square lattice, is provided. This approach is also studied in [2] . In [7] the authors used a more complicated and more informative method to derive the above asymptotic distribution. They have used combinatorial arguments, in which, the enumeration of up-down permutations and the exponential formula for cycles of permutations play fundamental roles. The asymptotic formula in [3] is compared with exact results obtained by computers: For this purpose, the closed walks of lengthes n = 16 n = 18 and n = 20 are enumerated according to their areas. These computations are then extended in [1] to n = 28 by using algorithmic techniques and a DSP processor. However, the algorithm used there, is based on generating walks, and thus the required time grows exponentially with respect to the length of walks. Here, we present a polynomial time algorithm for the same enumeration problem. As examples we present the results of implementation for n = 32, 64, 128 in the appendix. This paper is organized as follows: In Section 2, we generalize the concept of area for a desired (not necessarily closed) walk in the square lattice. We see that the area of composition of two walks satisfies a nice relation and this approves the usefulness of the generalized concept. In Section 3, we show that previous generalization naturally lead to algebraic tools, namely a generating function w n = (x + x −1 + y + y −1 ) n and a group ring R[x, y, z] which together simplify the process of computation of the area distribution. This is explained in Theorem 3.2 and the details following it. The algorithm is then discussed in Section 4 and some selected results obtained from the implementation are given in tables in the appendix.
Area of walks in the square lattice
It is well-known that the algebraic area corresponding to a polygon P = A 0 A 1 . . . A n−1 with coordinates A i = (x i , y i ), 0 ≤ i ≤ n − 1 and (x n , y n ) = (x 0 , y 0 ), is as follows
If moreover, the sides of the polygon are parallel to the axes x or y i.e. if the identity
holds for 0 ≤ i ≤ n − 1, then
By setting ǫ i = y i+1 − y i and δ j = x j+1 − x j , it is obtained that
Now, consider a more general case where we have just a sequence of vertices Q = A 0 A 1 . . . A n in which the first and the last points are not necessarily the same, but the coordinates satisfy condition (2) for 0 ≤ i ≤ n − 1. In this case (4) can be defined as the area of Q. To rewrite this formula in terms of coordinates x i and y i , we do as follows:
and since n−1 i=0 ǫ i = y n − y 0 , the area is obtained as
This equation has a simple geometric interpretation: The area of Q equals the area of the following polygon
Now, consider a walk beginning at (x 0 , y 0 ) in the square lattice. Each step is just moving one unit to right, left, up or down. We may denote these moves simply by r,r, u, andū. Thus a walk of length n may be demonstrated by its first point (x 0 , y 0 ) and a word w = w 0 . . . w n−1 of length n over the alphabet A = {r,r, u,ū}. This walk can alternatively be demonstrated by corresponding sequence of vertices
which not only satisfies condition 2, but also the following equalities for 0 ≤ i ≤ n − 1 :
Thus the equation (5), can naturally be used for the area of a walk in Z 2 . The area of such a walk is obviously independent from the beginning point (x 0 , y 0 ) and depends only on the word w.
Two walks can simply be composed as follows: Let
where
This composition corresponds to concatenation of words w and w ′ . It is easy to prove that
The geometric interpretation of this fact is demonstrated in Figure 1 . The following enumerative result about the number of walks in the square lattice is well-known and easy to prove :
and denote the number of walks in the square lattice which begin at the origin and end in (p, q) by a n (p, q). Then (i) The number a n (p, q) equals the coefficient of α p β q in u n .
(ii) We have a n (p, q) =
Notation.
In this paper, we use the notation [
We remark that part (ii) of the above lemma can be proved either as an immediate consequence of part (i) or independently through a combinatorial argument by projecting the walks on axes y = x and y = −x (This technique is well-known, see for instance Proposition 2.3 of [7] and page 451 of [5] ). Now, let w n (i, j, s) be the number of walks beginning at the origin and ending in (i, j) and having algebraic area s. Then by using identity (7) we have the following enumerative identity:
where I ijs consists of the set of pairs of integer triples (i 1 , j 1 , s 1 ) and (i 2 , j 2 , s 2 ) which satisfy the following set of equations:
Equations (8) and (9) lead us to study the multiplication of two monomials X = x i y j z s and X ′ = x i ′ y j ′ z s ′ defined as
It is easy to check that the set of all monomials x i y j z s with this multiplication construct a non-commutative group. Note that the element x i y j z s is just a representation of an element of a group (which may also be represented just by the triple (i, j, s)) and in general does not equal x i .y j .z s (for instance x.y.z = xyz 2 ). This leads to construct a group ring with elements a(i, j, s)x i y j z s with finitely many nonzero coefficients which come from a ring, say R. Now considering the group ring R[x, y, z], the following theorem is a generalization of Lemma 3.1:
Obviously the mapping τ : R[x, y, z] → R[α, β] defined by τ (x i y j z s ) = α i β j constructs a ring homomorphism. Note that calculating an expression of the form (x+x −1 +y+y −1 ) n is an idea, which is not only common between theorem 3.2 and Lemma 3.1, but also it is used in [3] . The important point here, is that in our approach, the function w and the group ring R[x, y, z], both appear as a conclusion of a purely combinatorial discussion by a proper extension of the concept of area for open walks.
Example 1 It is easily checked that
The terms of the form axyz i are xy and xyz. This means that there are just two walks of length 2 which begin from the origin and end in (1, 1): one walk with area 0 and another one with area 1.
Example 2 Again consider the previous example. If we want to answer the same question about walks of length 4, it is enough to calculate the terms axyz i in w 4 . But using w 4 = (w 2 ) 2 and applying the above result, these terms are as follows:
= xy(2z 2 + 10z + 10 + 2z −1 ).
An algorithm to enumerate walks
Similar to examples 1 and 2 one can compute the expression w n for given values of n to obtain values w n (i, j, s). Of course this can be done for any positive integer n (not only powers of 2,) by calculating expressions of form w n 1 .w n 2 at most lg(n) times. To analyze the provided algorithm, first note that if |i| + |j| > n or if n + i + j is odd or if |s| > then w n (i, j, s) = 0). Thus the expression w n has O(n 4 ) nonzero terms and computation of the expression w n 1 .w n 2 needs totally O(n 1 4 n 2 4 ) multiplications. Thus for calculating w n , the number of required integer multiplications is O(n 8 lg(n)). However, as n grows larger, the coefficients w n (i, j, s) grow exponentially and should be considered as "large integers" (instead of integers) and the integer multiplication should not be considered as a unitary operation. (For computation with large integers, see for instance [4] ). This problem is resolved by using modular arithmetic as follows: Choose k and distinct prime integers p 1 , · · · , p k such that w n (i, j, s) < p 1 · · · p k (It is enough to select these numbers such that p 1 · · · p k > 4 n ). For any i, 1 ≤ i ≤ k, calculate the coefficients of w n mod p i . Finally for each s with s ≤ n 2 /16 a sequence t 1 , · · · , t k with w n (0, 0, s) ≡ t i ( mod p i ) is obtained. Thus the values w n (0, 0, s) can easily be reconstructed using Chinese reminder theorem. Since k = O(lg(n)), the complexity of our algorithm in this case (i.e. when 4 n is a large integer), is computed as O(n 8 lg 2 (n)). We have implemented this for n = 8, 16, 32, 64; moreover we have obtained the terms w 128 (0, 0, s) in the expression w 128 (As mentioned before, since the coefficients are large for n = 64, 128, we have used some modular arithmetic to simplify the calculations). For any even integer n, w n (0, 0, s) is a unimodal sequence which is symmetric with respect to the axis s = 0 and takes its maximum at s = 0. The results of computations are briefly demonstrated in tables 1.1, 1.2, 2.1, 2.2 (Due to the symmetry, negative values of s are omitted from these tables). Histograms of the number of closed walks with corresponding areas are demonstrated in table 1.1 for n = 16, 32, 64 and in table 1.2 for n = 128. We have used sampling of areas to estimate the whole distribution of walks with respect to their area in tables 2.1 for n = 32, 64 and in table 2.2 for n = 128. We remark that it is possible to improve the complexity of this algorithm to O(n 6 lg 3 (n)) by some modifications. However, we do not need to implement this modified version for n ≤ 128.
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